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Inequality Symbol Meaning
< “is less than” / “fewer than”
> “is greater than” / “more than” / exceeds
< “is less than or equal to” / “at most” / “no more than” /
B “up to” / "maximum”
5 “is greater than or equal to” / “at least” / “no less than”
B “minimum”

Solving an OPTIMIZATION Problem

® \Variables

e (Constraints (Inequalities)

® Draw the Polygon of Constraints

® Vertices (x,y) of the Polygon of Constraints
e (Optimization Rule
e QOptimization Table
® Vertex (x,y) maximizing (minimizing) the function

Example:

During the hockey playoffs, a shop owner decides to sell flags & caps

with the Montreal Canadians logo. He orders 6000 items & expects to
sell at least 3000 flags & at least 1000 caps. He also expects to sell at

least twice as many flags as caps.
If the net profit on a flag is $15 and that on a cap is $12, how many
flags & caps must he sell in order to maximize his profit?

x: number of flags sold
y: number of caps sold

x=0

y=0
x+vy=6000

x = 3000

B

Vertices R=15x+ 12y
A(3000, 1000) 57 000
B{(3000, 1500) 63 000
C{4000, 2000) 84 000
{5000, 1000) 87 000

e

y=1000

A

i

x =2y 0 10w

The shop owner must sell 5000 flags & 1000 caps.
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o A graph allows us to thzstmte thc elements m‘ a set using pomls Lalled vertices: Jll(i
- relationships hctw een these oicment% using lines called edwm - :

" An edge between avertex a and a vertex b is written. {a, b} or [b a] or %lITlin ab or bzl since thwE
“order in which the vertices ‘are written is hot important. o
An edge connecting a vertex to itself is Lalk‘d a loop of the raph

»  Two edges are called adjacent when they are connected by an cdgg‘: !

* The number of vertices in a graph is called the order of the gtaph _ )
»  The d-:‘-swex of a Vertex is eqiial to the number. of times it is re: ached b‘) an n*d;ﬁ '

The degree of vertex A is written: d{A}.
» The degree of a vertex with a loop is at least c’qual to 2.

Ex.: Consider the set of vertices S = {a, b, ¢, d, ¢} =
and the graph G : = {ab, be, ca, ad, od, dd}

— Vertices a and b are adzau‘ﬂf thh‘ vertices b and (f are d
riot adjacent.

bé

- The arder of the graph is tqual to 5

)

— The degree of vertex a is equ’l] to 3, tho de;,jrm* m‘
vertex d is equal to 4 (the loop at d counts as 2 edges), the - e
degree of vertex ¢ is equal to 0 because vertex e is'isolated since there are no vertices in the
graph adjacent to it. '

af
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SIMPI.E GRAPH

A graph is c.a“vd umpio whe*n 1t dnoa rmt haw m)pﬁ and wlu ne ach paw nf vertices is L
mnnm[ed hy at most one edg,e B ! i o

- (:r&ph 15 not. Sll‘ﬂp]L because it haﬁ a 100[) at vertex b
- (;raph ) is not simpla because vertices a and l} are connected hv 2 edges.

——-(rmph % and @ are simple.
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CONNECTED GRAPH

A graph is'called connected 1f bt tween any tw O vertices nf thc* frmph thvrv exists an- edge-or a
sc*qm m ¢ 05 ¢ dum conne (tlrg th( °se two ver hu Lt : o L

Fedges between
wrtms a and d s R
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COMPLETE GRAPH

- A graph is called complete if between any two vertices, there exists an edge connecting these two
Vertices, : : R -
Exo
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CHAIN SIMPI.E €HAIN

e A lmm isase quom ¢ of ec iges. The mdpmnts of th he (ham drau, n'-_'- : P
in red on the right are A and D It is written AFEC D or I)C["PA )

. Thv fength of a chain is equal to the number of ed;m de hm g
‘the chain. C h&m AFECD has length 4 : '

¢ A chain can contain repeated vertices or edges: A Li 13in ax m]]a d
mnpiu it it does not contain repeated Ldg_ﬁ ' S
— Chain AFECD is simple. F
~ Chain AFECED is not ‘;lmpic‘ huam( edge L( is ltpi‘attd ?mu

e Th( distance between two vertices' A and B w nttm (!' ‘A, B} is equ al tu thc lt Pgth of t}n
shortest chain conmecting thvse two vertices. Lw

Thus, we have: d(A, B) = 1, d(A, C) = 2, J(A D: -----
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CYCI.E SIMPIE CYC!.E

“ A chain beginning and ending at tho same vertex is called a cvcle.

The chain represented in red is a cycle that can be named in 6
different ways: ABCA, BCAB, CABC, ACBA, CBAC and BACE.
These 6 different ways of naming th( chain define one and only one

- ¢ycle, drawn in red.

A cycle is simple if it does not pass many times- through the same ng(’ '

~ABCA is a simple cycle.

- ABDCBA is not a samph cycle sinee it passes twice through edge AB.
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EUI.ERiAN CHAiN EULERIAN CYCI.E

t].mu }) &]f;'v(h;u; of the gr raph
sat thc sarie ‘.mta X, 1t is mﬂc d

é'l:n a connected gm ?II an B es?cn an chainis a ¢ hdlﬁ that ;mw“'
once and only once! ’Whon an Fulcnan cf 1ain }n ¢S cmd e
I sivrnm Mc!( ' g ; i ' i

There exists an F ulerian ¢ Hdm e l"ii’f‘ t} e ﬂmph contains ex iLt]} two udd dwgrw veitices. The
ndd dv ree wrtmm are. thn the ht‘hlfllllhi} vertex and the ending vertex of thg Eulerian chain.

th re exists an Fuler rian welﬁ* when. dii the vertices of tht g,rdp} haw even dwgfﬂ‘ The f.‘ydv
can thon b{g,m at au} wrtuq and e nLl ai thls '»utm TRRTHR L A : :

_ EADCRD is an’ hulermn dmm H . \Ia(,DA is an f ulcrnm Cydc o PrD
“de g(B} 3; dc_ (D} =3 ”‘_i":;’all »CTUCLS Thave « even dcgree;” G




Memory Aid suggestions.notebook January 22, 2018

@&

HAMILTONIAN CHAIN - HAMILTONIAN CYCLE

In a connected graph, a Hamiltonian chain s a chain passing through all the vertices in the
graph once and H;EE% OTce,

When a Hamiltonian chain begins and ends at thie same vertex, it is called Hamiltonian cvcle,

A, sufficient but not:necessary. condition for a connected graph having n vertices
2 2 to.contain’a Hamiit(midn cy rcle is that each vertex of the graph is connec ted to Lat least
l'lle the t)t"zt F vertices, i nthc‘r wor dx td(.]] vertex has degree greater than or equal to

Noto lhat a graph \v‘ath avy ortcx nf de oree | does’ not ¢ ontain a Hannitnnmn cyc le:

Ex.: The tollowing ;ﬁmphs havé 4 vertices. It suffices that ali wrt;uw }Llu dwr(c g_ra eitu thal‘

or ¢ (1113! [:1;2 o hmm a Ham:hﬂm&l} ¢ycle.

B B
C C
A : A
D . 4 D
~ ABCD is a Hamiltonian chain. 1= ABCD is a Hamiltonian chain.

~ Since deg(D} = 1, there is no Hamil- | | ~ All vertices have degree at least 2, so
tonian cycle in this graph. -+ there exists a Hamiltonian cycle,

1 namely ABCDA.

10



Memory Aid suggestions.notebook

January 22, 2018

f\ ﬂ“i:‘t: is, a usnnﬂ te

- fhc graph on t e r1§,ht is ‘tree,

has (u = i) t‘dg( '

TREE

i }.J'&pli that does nﬂ‘c umtum a '_'g'mplc cvak S

11
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use 'thww terms in order to simplify the ]m; uage.

A directed graph is a graph in which each edge is oriented. On each edge s F o6
connecting two vertices, an arrow indicates the direction of motion
bétween 1[19 twWo vertices, _ o _ | ?
8 e
In d directed graph; it is usual to Lali a directed edge an arrow, tocalla § |
“directed chain a path and to call a directed cycle a circuit. We V\;IH not . P

¥
W D:

Ex.: 111 ilw dm cted. g,rdph O the right, -
vdgv AB exists and edge BA hws not exist.

- the (ii*tam(‘ between vertices F and Eis zqual 0 3 be
connecting vertices Fand E contains 3 edges. ; _
the ﬁ%tdm ¢ between vertices J andl {r dms not eugt ?u cause tbvrv 1\' 1o chamf

:"1_5(3 th_t—f_ shortest chai nf;\BF

‘connecting vertices Fand G _
I _'tht re L“glﬂ only two dlrf cted smlpft‘ cye les: f’\lil EA and ABC l)i ? A
ists only one ahrca ted Hdmdummn chain: G FABCDE.
bes m}t ex m am‘ d}rmtod Eulerian Cnh nor d:rutvd Hdmritonmn t}t]t'

- thuc,- ¢
e :1:.}:1&31;5:_

12
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WEIGTHED GRAPH

A weighted graph is a graph where there are numerical values on the edges. These values can
represent a distance, a duration, a cost, etc. : :

The value of a chain is equal to the sum of the values of thv ¢ ( ges that constitute the Ch 1m
A weighted ;\rdph can be directed or non directed. ' E

~Ex.: The graph on the right indicates the d_lstancr fm lm) ‘mtwun
' different towns connected by a railr oad S SANN A

The value of the chain ABCD is Lfilldi to 4 () kot and mrrmpunds EH
“tothe total dman( etraveled when we start from town A .md Iravd :';1'09
_to t<m i L) passing succe 5 ive i\' hmugh towns Band C;

13
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In the graphion the left, the chain with minimal value connecting -
beginning vertex A and ending vertex D is the chain AGE “with' |
Lvalde 1200 s g TR TR TR et
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OPTIMAL TREE

:'md in’ thl\ graph a.

(m eria dm eted 'we 1@}1‘& d ﬂmph it s pos'ﬂble m
we 1;.,ht{ d't "'“x\nh mmmml or nmmmaf vahle g

Ldurc to d( “rmma thr:* mu;;nm} ‘m]ue fl’(_’t‘ !

B2

1 only the vertices then we draw

_\mth thts ]m__ ¢ Qt mlut

the ed gﬁ S

2. We dra"v\, as. we go, t}u edge WIth thc*-smaﬂt st \all e
fremaining. odg_m while nfm ays avmdmg a.ddm;a an e dge'th
simple cyele. R el

at fnrms a -t

nong the. 5T

3. We continue this procedure until we obtain a tre¢. |

40 D!

15
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CRITICM PATH

A msk requiring the mmplctzon c)f S(‘VLMI steps can- bL
or aph taking into account 1 -

L the prorequmtv m DS,

- the steps that can be Larried ot mmuh‘am oush :

‘ H‘tt‘ critical’ ;m%?; is the dire cte dd chain in the ;,mph that has nmum al ¥ ?iliﬁ

¢ The value of the critic ai path rL prege nta thr: minimam Umv {or the mmplwtmn (3{ all the steps

‘.".that constitiite ‘lhg :

E*X HCC‘ activity 1. R : ; :
“The critical paih Begnmm;, r\BLI—(:H]lM End has wlue 73, ,
73 dd‘vb are ueussary fur the produc tion. and dlstr;hutmn of thc bonk

resented by a. directed weighted

16
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GRAPH COLORING

* When solving a problem, it can prove use ful to color the vertices of a graph. The coloring rules
are as follows:

. Two adjacent vertices always have different colors.
Z. A minimal number of different colors must be used to color the vertices of the graph.
In_practice, after ordering the vertices in decreasing order nf degree, we color the vertex with

highest degree then we color, in ofder, the other vertices while respecting the two wlormg_,-
rules We theretore reuse, as soon as p()s‘a]h]; the colors that have already been used. '

Ex.: Some students in class are talkative. The te -acher has made the graph below. Anita,
- Beatrix, Celia, Daniel, Evelyn, Frank and Georges are represented by the graph’s vertices,

“He connects two vertices Stlld&’l}t‘si in the gr aph with an edge to indicate that the two

Sstudents must not sit next to each other. | ' i '

Ihf‘ chromatic’ numbt‘{nf the graph is 3. e .:.F{f}) '5;_.; A

The teacher can seat Georges, Celia, Beatrix and Eve Tyn * Blr}

| together, Anita and Frank together while Daniel will be .
L ':uolatm"i {rom thv othﬂz students mentioned. cl :
: - Biue (b}
Red(r}
Green (gl-'
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